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Hawking radiation from Elko particles tunnelling across black strings horizon
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We apply the tunnelling method for the emission and absorption of Elko particles in the event
horizon of a black string solution. We show that Elko particles are emitted at the expected Hawking
temperature from black strings, but with a quite different signature with respect to the Dirac
particles. We employ the Hamilton-Jacobi technique to black hole tunnelling, by applying the WKB
approximation to the coupled system of Dirac-like equations governing the Elko particle dynamics.
As a typical signature, different Elko particles are shown to produce the same standard Hawking
temperature for black strings. However we prove that they present the same probability irrespective
of outgoing or ingoing the black hole horizon. It provides a typical signature for mass dimension one
fermions, that is different from the mass dimension three halves fermions inherent to Dirac particles,
as different Dirac spinor fields have distinct inward and outward probability of tunnelling.
PACS numbers: 04.70.Dy, 04.50.Gh
Black hole tunnelling procedures have been placed as
prominent methods of calculating the temperature of
black holes [1–14]. The tunnelling method imparts a dy-
namical model describing the black hole radiation, and
has been applied to a plenty of black holes, both for the
tunnelling of Dirac particles [12–18] and scalar particles
as well [1, 2]. The first black hole tunnelling method [3]
succeeded from the seminal result in [1, 2]. An alterna-
tive technique to study the tunnelling in black hole is
the Hamilton-Jacobi one [4] by settling on a suitable an-
satz for the action. This method was further extended,
by applying the WKB approximation to the Dirac equa-
tion [14–18]. The black hole tunnelling method has strong
points with respect to other routines of calculating tem-
perature, and can be successfully further applied to other
black holes [8, 9, 11, 12, 15, 19]. The tunnelling method
provides a natural framework to study the black hole ra-
diation, where a particle trails a path from the inside of
the black hole to the outside, which is a banned possi-
bility from the classical point of view. By energy con-
servation, the black hole radius constricts as a function
of the energy of the outgoing particle, hence the particle
provides its own tunnelling barrier [15, 16].
A quantum WKB approach was used to compute the
corrections to the Hawking temperature and Bekenstein-
Hawking entropy for the Schwarzschild black hole, mo-
difying the Schwarzschild metric which takes into ac-
count effects of quantum corrections [20–23]. Further-
more, the black hole area was shown to have a lower
bound [24] in tunnelling formalism. The chirality condi-
tion was likewise introduced to unify the anomaly and
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the tunnelling formalisms for deriving the Hawking ef-
fect [25], and the Hawking radiation from the black hole,
both in Horˇava-Lifshitz and Einstein-Gauss-Bonnet gra-
vities, was discussed in [26, 27]. Important achievements
have been also accomplished in, e. g., [28] in a non-
commutative framework.
The tunnelling method has been employed to provide
Hawking radiation due to photon and gravitino tunnel-
ling [29]. Moreover, this method was extended to model
the emission of spin-1/2 fermions, and the Hawking ra-
diation was deeply analyzed in [30] as tunnelling of Di-
rac particle throughout an event horizon, where quantum
corrections in the single particle action are proportio-
nal to the usual semiclassical contribution and the modi-
fications to the Hawking temperature and Bekenstein-
Hawking entropy were derived for the Schwarzschild
black hole. When fermions of spin-1/2 are taken into ac-
count, due to the fact that there are particles with the
spin in any direction, the effect of the spin of each type
of fermion countervails, and thus the lowest WKB order
provides that the rotation of the black hole is unmodified.
The authors in [7] argued that the probability of emission
of a particle approaches zero when its energy becomes of
the order of the mass of the emitting black hole. Conse-
quently, the event horizon decreases [7, 11, 15], and the
usual approximations used in the literature [1–18] remain
to be adopted here.
Elko (dark) spinor fields (dual-helicity eigenspinors of
the charge conjugation operator [31]) are spin-1/2 fer-
mions of mass dimension one, with novel features that
make them capable to incorporate both the Very Special
Relativity (VSR) paradigm [32] and the dark matter des-
cription as well [31–35]. Moreover, an Elko spinor mass
generation mechanism has been introduced in [36], by a
natural coupling to the kink solution of a λφ4 field the-
ory. It provides exotic couplings among scalar field to-
2pological solutions and Elko spinor fields [36, 37]. Some
attempts to detect Elko at the LHC have been propo-
sed [38–40], as well as important applications to cosmo-
logy have been widely investigated [41–46]. Not merely
in quantum field theory, and supersymmetry [47], but
additionally the Einstein-Hilbert, the Einstein-Palatini,
and the Holst actions were shown to be derived from the
quadratic spinor Lagrangian, when Elko spinor fields are
considered [48, 49].
The tunnelling method is used in this paper to model
Elko particles emission and absorption from black strings.
We show that Elko particles are emitted at the expected
Hawking temperature from black holes and black strings,
providing further evidence for the universality of black
hole radiation [11, 15, 16], however with a specific signa-
ture that is different from Dirac particles. In fact, we shall
prove that Elko particles behave contrastively from Di-
rac particles, that present different inward and outward
probability of tunnelling — depending on a relationship
between the spinor components [17, 18]. In fact, we shall
show that the four distinct Elko particles, being eigens-
pinors of the charge conjugation operator with dual heli-
city, manifest the property of presenting the same equati-
ons for tunnelling, and consequently the same inward and
outward probability of tunnelling. Moreover, the stan-
dard Hawking temperature for black strings is obtained
in this context. The results presented in this paper for
Elko particles differ from Dirac particles, as naturally
Elko particles are fields presenting mass dimension one
[31, 33–35, 42].
String theory has solutions describing extra-
dimensional extended objects surrounded by event
horizons, namely black strings. These solutions can have
unusual causal structure, and provide some insight into
the properties of singularities in string theory. Black
strings have been studied in the context of supergravity
theories, topological defects and low energy string
theories [50–52] and from pure gravitational context
in [53, 54], as well as in some realistic generalizations
[55–57].
Einstein equations has solutions [58, 59]
ds2 = −f(r)dt2 + 1
f(r)
dr2 + r2dθ2 + α2r2dz2, (1)
where Λ(4) = −3α2 denotes the cosmological constant,
M is associated to the ADM mass density of the black
string, and f (r) =
(
α2r2 − Mr
)
. The event horizon of
the black hole is provided forthwith by:
r˜ =
(
M
α2
)1/3
.
Also, this solution was discussed in [63] in the context of
Einstein-Maxwell gravity.
In order to analyze the tunnelling of fermions th-
roughout the black string horizon, we depart from the
usual mass dimension 3/2 fermions, and shall investigate
the role that Elko particles play in this context. To ac-
complish it, the basic features of Elko particles are bri-
efly revisited [31, 33, 61]. Elko spinor fields λ(pµ) are
eigenspinors of the charge conjugation operator C, na-
mely, Cλ(pµ) = ±λ(pµ) (here the momentum space is
used just to fix the notation). The Weyl representation
of γµ is used hereupon. The plus [minus] sign regards self-
conjugate, [anti self-conjugate] spinor fields, denoted by
λS(pµ) [λA(pµ)]. Explicitly, once the rest spinors λ(kµ)
are obtained, for an arbitrary pµ it yields
λ(pµ) = eiκ·ϕλ(kµ), (2)
where kµ =
(
m, limp→0
p
p
)
, for p = |p|. The boost ope-
rator in (2) is provided by [61]
eiκ·ϕ =
√
E +m
2m
diag
(
I+
σ · p
E +m
, I− σ · p
E +m
)
.
The φ(kµ) are defined to be eigenspinors of the helicity
operator σ · pˆ:
σ · pˆφ±(kµ) = ±φ±(kµ)
where pˆ = (sin θ cosφ, sin θ sinφ, cos θ), and the phases
are employed [31, 33, 61] such that
φ+(kµ) =
√
m
(
cos
(
θ
2
)
e−iφ/2
sin
(
θ
2
)
e+iφ/2
)
, (3)
φ−(kµ) =
√
m
( − sin ( θ2) e−iφ/2
cos
(
θ
2
)
e+iφ/2
)
. (4)
Elko spinor fields λ(kµ) are defined by
λS±(k
µ) =
(
iΘ [φ±(kµ)]
∗
φ±(kµ)
)
(5)
λA±(k
µ) = ±
( −iΘ [φ∓(kµ)]∗
φ∓(kµ)
)
(6)
where the Θ denotes the Wigner time reversal operator
for spin one half. Hereupon the notation φ±(kµ) = φ±
shall be used for the sake of simplicity. The expression
σ · pˆ [Θ(φ±)∗] = ∓[Θ(φ±)∗]
evinces the helicity of Θ[φ(kµ)]∗ to be opposite to that
of φ(kµ), and therefore
λS±(p
µ) =
√
E +m
2m
(
1∓ p
E +m
)
λS± (7)
λA±(p
µ) =
√
E +m
2m
(
1± p
E +m
)
λA± (8)
are the expansion coefficients of a mass dimension one
quantum field. In fact, the Dirac operator (γµp
µ ±mI4)
does not annihilate the λ(pµ) and the following results
3hold [31, 33, 61]:
γµp
µλS+(p
µ) = imλS−(p
µ) (9)
γµp
µλS−(p
µ) = −imλS+(pµ) (10)
γµp
µλA−(p
µ) = imλA+(p
µ) (11)
γµp
µλA+(p
µ) = −imλA−(pµ). (12)
Nevertheless, it still implies annihilation of Elko by the
Klein-Gordon operator.
Hawking radiation from black holes comprises different
types of charged and uncharged particles. We investigate
tunnelling of Elko particles from the event horizon of a
black string solution via tunnelling formalism. By taking
∇µ = ∂µ + ωµ, ωµ = 1
2
iΓαβµ σαβ ,
where σαβ =
1
4 i
[
γα, γβ
]
is the spin density tensor and
the γµ are the usual gamma matrices satisfying the Clif-
ford relation for Minkowski spacetime, the matrices
γt =
1√
f
γ0, γr =
√
f γ3, γθ =
1
r
γ1, γz =
1
αr
γ2, (13)
are chosen as usually [17], where f = f(r). In order to
find the solution of Eqs. (9)-(12) in the background of the
black string, we employ the standard form for the Elko
particle, through the similar notation φ+ =
(
α
β
)
, where α
and β defined in Eq. (3):
λS+ (t, r, θ, z) =


−iβ∗
iα∗
α
β

 exp
(
i
~
I˜
)
, (14)
λS− (t, r, θ, z) =


−iα
−iβ
−β∗
α∗

 exp( i
~
I˜
)
, (15)
λA+ (t, r, θ, z) =


iα
iβ
−β∗
α∗

 exp( i
~
I˜
)
, (16)
λA− (t, r, θ, z) =


−iβ∗
iα∗
−α
−β

 exp( i
~
I˜
)
. (17)
Here I˜ = I˜(t, r, θ, z) represents the classical action. We
use the above forms for the Elko particles in each one
of the Eqs. (9)-(12), and solve this coupled system of
equations. Thus, by applying the WKB approximation,
where i
~
I˜ = i
~
I+ I0+O(~), and considering terms solely
up to the leading order in ~, by denoting Ir = ∂I/∂r,
It = ∂I/∂t, Iθ = ∂I/∂θ, and Iz = ∂I/∂z, this procedure
yields:
iα∗It√
f
+ β
√
f Ir = mβ
∗ +
(
i
αz
Iz − 1
r
Iθ
)
α∗ , (18)
iβIt√
f
− α∗
√
f Ir = mα
∗ −
(
i
αz
Iz +
1
r
Iθ
)
β∗ . (19)
We can employ the usual ansatz in refs. [15–18]:
I(t, r, θ, z) = −Et+W (r) + lθ + Jz , (20)
where E is the energy of the emitted particles and W is
the part of the action I˜ that contributes to the tunnelling
probability. Using this ansatz in Eqs. (18, 19) [15–18], the
terms in (18, 19) encompassing J and l are dismissed. The
same solution for J is obtained for both the outgoing and
incoming cases.
As it is comprehensively exposed in [15–18], near the
black string horizon massive particles behave like mas-
sless particles. Phenomenologically, considering the well
established Elko production by Higgs interactions [38–
40], we proceed as refs. [15–18] and consider the parame-
ter m ≅ 0, without loss of generality, as near the hori-
zon massive particles behave as massless ones. Thus, the
function W (r) can be computed merely from Eqs.(19)
and (20) as:
− iα∗E + βf(r)W ′(r) = 0,
−iβE + α∗f(r)W ′(r) = 0. (21)
In this case for
α = iβ∗ (22)
we have
W ′+(r) = E/f(r) , (23)
whilst for the choice
α = −iβ∗ (24)
we get the opposite sign
W ′−(r) = −E/f(r) . (25)
W+ [W−] corresponds to outward [inward] solutions (see
refs. [15–18]). Eqs. (23) and (25) imply that
W±(r) = ±
∫
(E/f(r))dr , (26)
which has a simple pole at r = r˜. By integrating around
the pole, it yields
W±(r) =
±piiE
2α2r˜ + Mr˜2
. (27)
The probabilities of crossing the horizon in each direction
can be given by [4]
P± ∝ e
− 2
~
ImW±(r), (28)
where P+ [P−] denotes the probability of emission [ab-
sorption] by the horizon. While computing the imaginary
part of the action, we note that it is the same for both the
incoming and outgoing solutions. Eqs.(28) show now that
4the probability of particles tunnelling from the inside to
the outside of the event horizon is specified by
Γ ∝
P+
P−
= e−
4
~
ImW+(r), (29)
where in the last equality we employed Eq.(27), implying
that
Γ = exp
(
− 4piE
2α2r˜ + Mr˜2
)
. (30)
As the tunnelling probability is given by Γ = exp (−βE),
where β = T−1H , it yields the Hawking temperature for-
mula
TH =
1
4pi
(
2α2r˜ +
M
r˜2
)
, (31)
which is the usual Hawking temperature for black strings
[62]. Massive particles behave like massless ones and since
the extra contributions vanish at the horizon, the result
of integrating around the pole for W± in the massive
case is the same as the massless case and the Hawking
temperature is recovered. Moreover, as in the Dirac tun-
nelling, for both the massive and massless the Hawking
temperature is obtained, implying that the Elko parti-
cles λS+, λ
A
−, λ
S
−, λ
A
+ defined in Eqs.(5)-(8) — with explicit
components in (14)-(17) — are emitted at the same rate.
It endows Elko particles with a different signature with
respect to the Dirac particles (see, e. g., refs. [15–18]),
which we shall emphasize below.
In the tunnelling formalism the probability of particles
crossing the black hole horizon on both sides are calcu-
lated using complex path integrals. Solving Elko coupled
equations (9)-(12) in the background of black strings and
by applying the WKB approximation, we have provided
the tunnelling probability of Elko particles and the Haw-
king temperature associated to it.
Moreover, the tunnelling of Elko particles has a dif-
ferent feature when compared to Dirac particles. The
method developed in [15, 16] for Dirac particles was
further used in [17] in the context of black strings for
the very special case where the spinor field is given by
Ψ↑(t, r, θ, z) =


A(t, r, θ, z)
0
B(t, r, θ, z)
0

 exp
(
i
~
I˜
)
, (32)
where the author shows that there is a constraint between
A and B, similarly to (22) and (24). The inward and
outward probability of tunnelling depends on the rela-
tion between A and B. For each constraint, Dirac parti-
cles present just one behavior: either ingoing or outgoing
particles. Notwithstanding, Elko particles are eigenspi-
nors of the charge conjugation operator, and all the ei-
genspinor fields (λS+, λ
A
−, λ
S
−, λ
A
+) present the same pro-
bability either outgoing or ingoing for tunnelling. Notice
that Elko spinor field λS+ in (14) differs from λ
A
− in (17)
just by the sign in the left-handed component, whereas
the Elko spinor field λS− in (15) is different of λ
A
+ in (16)
by the sign in the right-handed component, although they
are quite different quantum fields [61]. Moreover, all the
four Elko particles present the same inward and outward
probability of tunnelling and the standard Hawking tem-
perature for black strings is obtained.
Acknowledgments
RdR is grateful to CNPq grants 303027/2012-6 and
473326/2013-2, and is also Bolsista da CAPES Proc.
no 10942/13-0. JMHS thanks to CNPq (482043/2011-3;
308623/2012-6).
[1] P. Kraus and F. Wilczek, Nucl. Phys. B 433 (1995) 403.
[2] P. Kraus and F. Wilczek, Nucl. Phys. B 437 (1995) 231.
[3] M. K. Parikh and F. Wilczek, Phys. Rev. Lett. 85 (2000)
5042.
[4] K. Srinivasan and T. Padmanabhan, Phys. Rev. D 60
(1999) 24007.
[5] A. J. M. Medved, Phys. Rev. D 66 (2002) 124009
[6] M. Agheben, M. Nadalini, L Vanzo, and S. Zerbini, JHEP
05 (2005) 014.
[7] M. Arzano, A. Medved and E. Vagenas, JHEP 09 (2005)
037.
[8] Q.-Q. Jiang, S.-Q. Wu, and X. Cai, Phys. Rev. D 73
(2006) 064003.
[9] J. Zhang and Z. Zhao, Phys. Lett. B 638 (2006) 110.
[10] P. Mitra, Phys. Lett. B 648 (2007) 240.
[11] R. Kerner and R. B. Mann, Phys. Rev. D 75 (2007)
084022.
[12] R. Li and J.-R. Ren, Phys. Lett. B 661 (2008) 370.
[13] R. Di Criscienzo and L. Vanzo, Europhys. Lett. 82 (2008)
60001.
[14] R. Li and J.-R. Ren, Class. Quant. Grav. 25 (2008)
125016.
[15] R. Kerner and R. B. Mann, Phys. Lett. B 665 (2008)
277.
[16] R. Kerner and R. B. Mann, Class. Quant. Grav. 25
(2008) 095014.
[17] J. Ahmed and K. Saifullah, JCAP 1108 (2011) 011.
[18] U. A. Gillani and K. Saifullah, Phys. Lett. B 699 (2011)
15.
[19] J. Ren, J. Zhang, Z. Zhao, Chin. Phys. Lett. 23 (2006)
2019.
[20] R. Banerjee and B. R. Majhi, Phys. Lett. B 674 (2009)
218.
[21] R. Banerjee and B. R. Majhi, JHEP 06 (2008) 095.
5[22] R. Banerjee and B. R. Majhi, Phys. Lett. B 675 (2009)
243.
[23] R. Banerjee and B. R. Majhi, Phys. Lett. B 662 (2008)
62.
[24] R. Banerjee, B. R. Majhi and E. C. Vagenas, Europhys.
Lett. 92 (2010) 20001.
[25] R. Banerjee and B. R. Majhi, Phys. Rev. D 79 (2009)
064024.
[26] B. R. Majhi, Phys. Lett. B 686 (2010) 49.
[27] R. Banerjee, B. R. Majhi and E. C. Vagenas, Phys. Lett.
B 686 (2010) 279.
[28] R. Banerjee, B. R. Majhi and S. Samanta, Phys. Rev. D
77 (2008) 124035.
[29] B. R. Majhi and S. Samanta, Annals Phys. 325 (2010)
2410.
[30] B. R. Majhi, Phys. Rev. D 79 (2009) 044005.
[31] D. V. Ahluwalia and D. Grumiller, JCAP 0507 (2005)
012.
[32] D. V. Ahluwalia S. P. Horvath, JHEP 11 (2010) 078.
[33] D. V. Ahluwalia and D. Grumiller, Phys. Rev. D 72
(2005) 067701.
[34] D. V. Ahluwalia, C. Y. Lee, D. Schritt and T. F. Watson,
Phys. Lett. B 687 (2010) 248.
[35] D. V. Ahluwalia, C. Y. Lee and D. Schritt, Phys. Rev. D
83 (2011) 065017.
[36] A. E. Bernardini and R. da Rocha, Phys. Lett. B 717
(2012) 238.
[37] J. M. Hoff da Silva and R. da Rocha, Phys. Lett. B 718
(2013) 1519.
[38] M. Dias, F. de Campos and J. M. Hoff da Silva, Phys.
Lett. B 706 (2012) 352.
[39] A. Alves, F. de Campos, M. Dias and J. M. Hoff da Silva,
Searching for Elko dark matter spinors at the CERN
LHC, [arXiv:1401.1127 [hep-ph]].
[40] B. Agarwal, A. C. Nayak and R. K. Verma, ELKO as
dark matter candidate, [arXiv:1407.0797 [hep-ph]].
[41] L. Fabbri Phys. Lett. B 704 (2011) 255.
[42] R. da Rocha, A. E. Bernardini and J. M. Hoff da Silva,
JHEP 04 (2011) 110.
[43] J. M. Hoff da Silva and S. H. Pereira, JCAP 03 (2014)
009.
[44] A. Basak, J. R. Bhatt, S. Shankaranarayanan and K. V.
Prasantha, JCAP 04 (2013) 025.
[45] S. Kouwn, J. Lee, T. H. Lee and P. Oh, Mod. Phys. Lett.
A 28 (2013) 1350121.
[46] C. G. Boehmer, J. Burnett, D. F. Mota and D. J. Shaw,
JHEP 07 (2010) 053.
[47] K. E. Wunderle and R. Dick Can. J. Phys. 87 (2009) 909.
[48] R. da Rocha and J. M. Hoff da Silva, Int. J. Geom. Meth.
Mod. Phys. 6 (2009) 461.
[49] R. da Rocha and J. G. Pereira, Int. J. Mod. Phys. D 16
(2007) 1653.
[50] J. H. Horne and G. T. Horowitz, Nucl. Phys. B 368
(1992) 444.
[51] W. G. Anderson and N. Kaloper, Phys. Rev. D 52 (1995)
4440.
[52] N. Kaloper, Phys. Rev. D 48 (1993) 4658.
[53] A. Chamblin, S. W. Hawking and H. S. Reall, Phys. Rev.
D 61 (2000) 065007.
[54] S. S. Seahra, C. Clarkson, R. Maartens, Phys. Rev. Lett.
94 (2005) 121302
[55] D. Bazeia, J. M. Hoff da Silva, R. da Rocha, Phys. Lett.
B 721 (2013) 306.
[56] R. da Rocha, A. Piloyan, A. M. Kuerten, C. H. Coimbra-
Araujo, Class. Quant. Grav. 30 (2013) 045014.
[57] R. da Rocha, J. M. Hoff da Silva Eur. Phys. J. C 72
(2012) 2258.
[58] J. P. S. Lemos, Class. Quant. Grav. 12 (1995) 1081.
[59] J. P. S. Lemos and V. T. Zanchin, Phys. Rev. D 54 (1996)
3840.
[60] N. O. Santos, Class. Quant. Grav. 10 (1993) 2401.
[61] D. V. Ahluwalia, On a local mass dimension one Fermi
field of spin one-half and the theoretical crevice that al-
lows it [arXiv:1305.7509 [hep-th]].
[62] A. Fatima and K. Saifullah, Astrophys. Space Sci. 341
(2012) 437.
[63] R. G. Cai and Y. Zhang, Phys. Rev. D 54 (1996) 4891.
